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Abstract 



in . 

'p*. ' We consider an infinite planar straight strip perforated along an infinite curve 

\ by small holes located closely one to another. In such domain we consider a 

. general second order elliptic operator subject to classical boundary conditions 

^ (— | on the holes. Assuming that the perforation is non-periodic and satisfies rather 

weak assumptions, we describe possible homogenized problems. Our main result 
is the proof of the uniform resolvent convergence of the perturbed operator to 
a homogenized one in various operator norms and the estimates for the rate of 
convergence. On the basis of the uniform convergence we show the convergence 
of the spectrum. In a particular case of pure periodic perforation and Dirichlet 
' condition on the boundary of the holes we obtain two-terms asymptotics for the 

, first band functions of the perturbed operator. 

o 

1 Introduction 

f~>) , Problems in perforated domains is one of the classical objects in the modern homoge- 

£C) • nization theory. It is impossible to cite all the works in this field and we mention only 

the books [28], [34], [36], [40], see also the references therein, and some latest papers 
[13] , [T5] . One of the possible configurations of the perforation is that along a curve 
or manifold. It was treated in [2], [15], [2D], [2T], [2DJ, [27], [3T], [32], [33], see also 
the references therein. The perforation was assumed to be periodic [2J, [2D], [2T], [2D] . 
[27] . non-periodic [3T], [33], [M], or even random [TDJ. There were considered various 
geometries of the holes as well as various boundary conditions (both linear and non- 
linear) on their boundaries. The main result was the classification of the homogenized 
problems depending on the sizes and distribution of the holes and the convergence of 
the perturbed solutions to the homogenized ones. The latter was established in a weak 
or strong sense. Namely, a typical result says that a solution to a perturbed problem 
converges to a homogenized one weakly or strongly in W\ and strongly in L2 for each 
fixed right hand side. In the periodic case under additional symmetries of the holes it is 
possible to construct complete asymptotic expansions for the perturbed solutions, see 
HI, [23J, [2J], [25]. 

Recently M.Sh. Birman, T.A. Suslina and V.V Zhikov, S.E. Pastukhova initiated a 
new direction in the homogenization theory. They showed that for the operators with 
fast periodically oscillating coefficients the uniform resolvent convergence holds, i.e., 
not only the perturbed solutions converge to the limiting ones, but also the perturbed 
resolvent converges to the homogenized one in the norm sense, see [3J, [I], UJ, 02J, 
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[35], [35] , gS], g6], 05], [33 , [12 , and other papers of these authors. The uniform 
resolvent convergence was established in various operator norms and the estimates for 
the rates of convergence were obtained. Then a natural question appeared whether 
similar results can be proven for other types of perturbations in homogenization theory. 
This question happened to be open for many perturbations usually considered in the 
homogenization theory, and it is topical. For instance, once the uniform resolvent 
convergence holds, the convergence of spectrum and spectral projectors is implied by 
standard theorems in spectral theory [37J Ch. VM, Sec. 7] and there is no need to 
prove such convergence independently. The uniform resolvent convergence is also the 
strongest among all possible ones. The estimates for the rate of uniform convergence is 
the next step, since they show how close the perturbed resolvent to the homogenized 
one. 

For some periodic perturbations the uniform resolvent convergence was proven in 
[IT] , [35] j gS] and the estimates for the rate of convergence were obtained (see also the 
references in the cited works). The results of |45| include the periodic perforation when 
it covers whole the domain. One more type of perturbations, frequent alternation of 
boundary conditions was treated in [5], [7], [5J, [H]- The uniform resolvent convergence 
was proven for all possible homogenized problems, for both periodic and non-periodic 
alternation. The estimates for the rate of the uniform resolvent convergence were ob- 
tained. In periodic cases certain asymptotic expansions for the spectra of perturbed 
operators were constructed. 

In the present paper we consider a general second order elliptic operator in an infinite 
planar strip perforated along an infinite curve. The sizes of the holes and the distance 
between them are described in terms of two small parameters. The perforation is quite 
general and no periodicity assumption is made. Namely, both the shapes and the dis- 
tribution of the holes can be rather arbitrary. On the boundary of the holes we impose 
one of the classical boundary conditions, i.e., Dirichlet, Neumann, or Robin one. It is 
allowed to have different boundary conditions on different holes. To the best of authors' 
knowledge, such mixtures of boundary conditions were not considered before. As the 
main result we show that depending on the relation between the aforementioned small 
parameters and boundary conditions on the boundary of the holes the homogenized 
operator can have Dirichlet boundary condition or delta-interaction on the reference 
curve along which the perforation is made. In all cases we prove the uniform resolvent 
convergence of the perturbed operator to the homogenized one and establish the esti- 
mates for the rates of convergence. In all cases except one the operator norm is that 
of the operators from into while in the exceptional case it is from L2 into L%. 
Nevertheless, in the latter case we show that by employing a special boundary corrector 
one can improve the norm to that for the operators acting from L2 into W\. Such 
kind of results are completely new for the domains perforated periodically along curves 
or manifolds, while in the present paper we succeeded to study the general periodic 
perforation with arbitrary boundary conditions. We also consider a particular periodic 
case with Dirichlet condition on the boundary of the holes. In this case the spectrum 
has a band structure. Here our result is two-terms asymptotics for the band functions. 

Concluding the introduction, we describe briefly the structure of the paper. In the 
next section we give the precise description of the problem, formulate the main results, 
and discuss them. In the third section we collect auxiliary lemmata required for the 
proof of the main result. The forth, fifth, and sixth sections are devoted to the study 
of the uniform resolvent convergence in various cases. In the last seventh section we 
obtain asymptotics for the band functions in the periodic case. 

2 The problem and the main results 

Let x = (x\, X2) be Cartesian coordinates in R 2 , ft be a horizontal strip of width d > 0, 
Q := {x : < xi < d}, 7 be an infinite curve lying in f2, separated from <9f2 by a fixed 
distance, and having an uniformly bounded curvature. We assume that the curve 7 is 
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C 2 -smooth, has no self-intersection, s is its arc length, s £ (—00, +00), and p = p(s) is 
the vector function describing the curve 7. We also suppose that the distance between 
two points on the curve 7 increases as the length of the curve between these points does, 
namely, there exists a positive constant c§ such that for all s,ls £ R 

\p(s) -p(s}\ ^ c 6 \s-s\. 

Since the curvature of 7 is uniformly bounded and the curve 7 is infinite, it splits the 
domain f2 into two disjoint subdomains. The upper one is denoted by Q + and the lower 
one is f2_. By B r {a) we denote the ball in R 2 of radius r centered at a. 

Let Sk £ R, k £ Z, be a strictly monotonically increasing sequence satisfying the 
inequality 

0<c ^s k+1 -s k ^c \ fceZ, (2.1) 

with a constant cq independent of j. By u>k, k £ Z, we indicate a sequence of bounded 
domains in R 2 having C 2 -boundaries. Denoting by e a small positive parameter, we 
introduce domains 

9 s :=e s U6{, 9\ := [j oj s k , i = 0, 1, 

fcGMi 

w% := {x : e- 1 ?7- 1 (e)(a; - y%) £ u k }, y% := p(s fe e), 

where 

M l c Z, M n Mi = 0, M U Mi = Z, 

and 77 = 77(e) is a some function and < 77(e) ^ 1. 
We make the following assumptions. 

(Al). There exists a fixed number R\ such that for each k £ Z there exists a point 
x k £ R 2 such that B Rl (x k ) C 

(A2). There exists a fixed ball .Br 2 (0) and a number 6 > 1 such that 

ui k CB R2 (0) for all fc e Z, 

B b R 2 s(yl) C\ B bR2e (yf) = for all i ^ fc, i, fc e Z, 
and for all sufficiently small e. 
(A3). For each S > and all u £ W^(B bR2 (0) \ u k ), k £ Z, the inequality 

IMli a (8u,») <^l|Vu||i 2(Bj?2(0 ) W ) +Cl(<S)||w||i 3 ( BbH2 (o)\B Ba (0)) 

holds true, where ci(5) is a positive constant independent of u and j. 

By Ay = Ay (a;), A = Ai(cc), Ag = Aq(x) we denote some functions satisfying the 
conditions 

Aij,Ai £ Wi(fi), i,j = 1,2, A eioo(O), 
A^; = Aj j j -Ay 7 Ao real, 

(2-2) 

X A «&& r ^'- x&n > S = (Cx,6)eR a , 

where C2 is a positive constant independent of x and £. 

In a small neighborhood of 7 we introduce local coordinates (s,r), where r is the 
distance to a point measured along the normal v 1 and s, we remind, is the arc length of 
7. Since the curvature of 7 is uniformly bounded, the coordinates (s, r) are well-defined 
for |t| < To, s € R, where To is a sufficiently small fixed positive number. 

In this paper we study a singularly perturbed operator depending on e which we 
denote as H £ . It is introduced by the differential expression 

Ed , d , d d -r- . „. 

+ (2-3) 

t,J = l J — 1 
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in fl £ := il\6 £ subject to the Dirichlet condition on dVlUdO^ and to the Robin condition 

9 9 

+ «) « = on ^ := E + £^< 

where = (i^f , ff) is the inward normal to 6\ , a = a(cc) is a some function defined for 
\t\ < t and a e W*,({a: : \t\ < r }). 

Rigorously we define the operator H, e as the lower-semiboundcd sclf-adjoint operator 
in L 2 (f2 e ) associated with the closed lower-scmibounded symmetric sesquilinear form 

+ (A a u,v) L2{nn + (au,v) L2(det) 

L 2 (S>) 



in L2(ri e ) on W^f^, <9f2 U 96*q). Hereinafter for any domain Q C K 2 and any curve 
5 C Q by W^{Q, S) we denote the subspace of M / 2 1 (Q) consisting of the functions having 
zero trace on S, and we let W% {Q) ■= W^iQjdQ). If else is not said, in what follows all 
the differential operators are introduced in this way, i.e., they will be sclf-adjoint lower 
semibounded operators in L2(£l) or L2(Q 6 ) associated with closed lower-semiboundcd 
symmetric sesquilinear form. Below for the sake of brevity we shall just write the 
differential expression with the boundary condition as well as the associated form. 

Our main aim is to study the resolvent convergence and the spectrum's behavior of 
the operator T-L £ . To formulate our main results, we need additional notations. 

By "Hp we denote the operator in Z/2(^) with the differential expression (|2.3p subject 
to the Dirichlet condition on 7 and dVL. The associated form is 



( dv \ 
+ ^2[v,A j —\ +{A u,v) L2{n) 

j=l \ j J L 2 (Q) 



(2.4) 



in L2(£l) on W 2 1 (f2,9fi U 7). In the same way we introduce the operator Ti° with 
the differential expression (|2.3p subject to the Dirichlet condition on <9f2 and with no 
condition on 7. The corresponding form t) is again given by (|2.4[) . but on the domain 
W£{n). By analogy with Lem. 2.2], [35] Ch. IV, Sec. 2.2, 2.3], [H Lem. 3.2] one 
can check that the domains of the operators "H^, H° are given by the identities 

= wi(ci, ffiu 7 )n w*(n \ 7 ), = ^(n) n w|(n). 

By i we denote the imaginary unit. We shall employ the symbol j| • !|x^y to indicate 
the norm of an operator acting from a Banach space X to a Banach space Y. 
Now we are ready to formulate our first main result. 

Theorem 2.1. Suppose pJ)} [(A2)\ \(A3^ and 

(A4). The convergence e In 77(e) — > 0, e — > +0 holds true. 

(A5). There exists a constant R3 such that 

9 s C |J B R3S (y s k ), cj%czB R3S (y s k ), k e M . 
feeMo 
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(A6). For R 2 from \(A2)\ and all k eM 1 ,ue W\ (B bR2 (0) \ oj k , dB bR2 (0)) the inequality 

\\ u \\L 2 (B bR2 (0)\uj k ) «S C||Vw||i, 2 ( BijH2 (o)\ Wfe ) 
holds true, where C is a positive constant independent of j and u. 
Then the estimate 

i)- 1 - (K ir'h^wunn < Ce^{\ ln^)| 1/2 + l) 
holds true, where C is a positive constant independent of e. 

Let u° = (v®, 1/2) be the normal to 7 which is inward for and 

dN o - 2^ • 

By [-] 7 wc indicate the jump of a function on 7, 



lr=+0 



(2.5) 



Given a function [3 = (3(s) in W^d), we introduce the operator Tig with the differential 
expression (|2.3p subject to the boundary conditions 



N 7 = 0. 

The associated form is 



du 



[3u\=0. (2.6) 



, 0-1 V UJj 3 udl *S L?(fl) „--i V 



i,j=i v " a ' I /L 2 (n) i= i \ 5x i / l 2 (q) 

+ Y1 [ u > A i7hr) + ^ 0W ' v ) L 2(O) + (/3m,w)l 2 ( 7 ) 

j — 1 > ^ ' Z*2(Q) 

in L 2 (ft) on W^(O). Again by analogy with Lem. 2.2], gSl Ch. IV, Sec. 2.2, 2.3], 
[T2l Lem. 3.2] one can show that 

®CH°) = {« e W^fP) : u G W|(0±) and (gU) is satisfied}. 

If (3 = 0, instead of Hq we shall simply write H°. As one can see, in this case there is 
no jump of the normal derivative in (|2.6p and the domain of H° is just W$ (fi). 

In the next theorem we deal with the case when the perturbed operator involves 
the Dirichlet condition at least on a part of d6 e but in contrast to |(A4)| the function 
e In r)(s) converges either to a non-zero constant or to infinity. 

Theorem 2.2. Suppose \(ATj\ \(A2]\ \(A3][ \(A5]\ and 

(A12). The convergence (ehi^e)) -1 — > —K, e — > +0, holds true, where K is a non- 
negative constant. 

(A13). The set Mo is non-empty. 

(A 14). For b and R 2 from \~(A2\ let 



a E {s) :-- 




\s - es k \ < bR 2 en, k G Z, 
otherwise. 



There exists a function a = a(s) in W^("f) and a function >c = x(e), >c{e) — > +0, 
e — > +0 such that for all n G Z and all sufficiently small e the estimates V2.ll]) 
are valid. 
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Denote 

(k + /i) g 1 

/? := — a- -5-, /3 := —a— ; 75-, H(£) '■= : — - A. 

Aii^22-^? 2 A 1X A 22 -A\ 2 rw e In 77(e) 

TTien £/ie estimates 

i)- 1 / - («° - i)-7lk(n)^ 3 (n*) < ^(e 1 / 2 + ^(e)) (2.7) 

IKH £ - i)- 1 - {%% - T^Um^m < c ( fl/2 + ^ 1/2 ( £ ) + m( £ )) ( 2 - 8 ) 

ZioZd irue, where C is a positive constant independent of e. There exists an explicit 
function W e defined in h6.b}) such that the estimate 

r 1 - w%n° - iy'h^wim < c{e^ + ^i\e)) (2.9) 

is valid, where C is a positive constant independent of e. If K = 0, the estimate 

i)- 1 - {%% - V-'h^wim < C{e^ + /i 1 ^ 2 (e)) (2.10) 

holds true, where C is a positive constant independent of e. 

The next two theorems concern the case when Mo is empty, i.e., the perturbed 
operator involves just the Robin condition on d0 £ . 

Theorem 2.3. Suppose \(AlJ[ \(A2)\ \(A3j[ and 

(A7). The convergence 77(e) — > 0, e — > +0 holds true. 
(A8). The set Mo is empty. 

Then the estimates 

||(H £ - i)- 1 - (H° - iri^nH^n*) < C V (e)(\ hx V ( E )\ + l), 

if a ^ 0, and 

||(H £ - i)- 1 / - (U° iy'fh^wim < CeV^m lnrK £ )| 1/2 + 1), 
if a = 0, ZioZd irue, where C is a positive constant independent of e. 
Theorem 2.4. Suppose \(AT^ [gl^ tfA8)\ and 

(A9). The identity r) = const holds true. 
(A10). Forb and R 2 from \(A2)\ let 

, M f^, \s-es k \<bR 2 e^ k e Z, 
cr(s) := < 2Wt 2 

l_ 0, otherwise. 

There exists a function a = a(s) in W<£,(7) and a function x = x{e), x{e) — > +0, 
s — > +0 such that for all n € Z and aZZ sufficiently small e the estimates 

n+l 

\a e {s)-a{s)\ds^x{s) (2.11) 



valid. 
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(All). For b and R2 from f(A2)\ and k G Z there exists a solution to the boundary value 
problem 

AX k =Q in B^±i R2 (0)\u} k , 
dX k 3X k \8uj k \ 

—— = 1 on du k , — — = on dBb+ lR (0), 

w w 7r(o + l)i? 2 2 



belonging to C l (Bb±L R ^(0) \ co k ) and satisfying the uniform in k G Z estimate 

H Xfe llci(B t+1 _ (o)W.) < ( 2 - 12 ) 
iiere f is i/ie outward normal to d(Bb±i R2 (0) \ u> k ). 
Then the estimate 

i)- 1 - (w° a - i)- 1 !!^^)^^) < c(e 1/2 + ^/ 2 ( £ )) 

ZioZds true, where C is a positive constant independent of e. 

Let us discuss the main results. General assumption | ( Al )] just says that there exist 
two fixed balls such that all the domains ujj can be inscribed in the first ball and 
the second ball can be inscribed in all uij . Assumption |(A2)| and (|2.1[) control the 
distance between the holes. Assumption |(A3)| is just a restriction for the geometry 
of the boundaries duj k saying they should behave quite regularly for large k to satisfy 
the required estimate. The latter estimate obviously holds for each fixed k but with a 
constant depending on fc; assumption | ( A3 )] restricts to the case when this constant can 
be chosen independent of k. 

According to Theorem 12. 1[ if the sizes of the holes arc not too small (assumption 
|(A4)[ ) and the holes with the Dirichlet condition are, roughly speaking, distributed 
"uniformly" (assumption |(A5)| , the homogenized operator is subject to the Dirichlet 
condition on 7 and we have the uniform resolvent condition in the sense of the operator 
norm || ■ ||L 2 (£i)^-Lo(f2 e )- As one can see, assumption |(A4)| means that the sizes of the 
holes can be much smaller that the distances between them (for instance, 77(e) = e Q , a = 
const > 0) but nevertheless the homogenized operator is still subject to the Dirichlet 
condition on 7. This phenomenon is close to a similar one in the problems with frequent 
alternation of boundary conditions, see, for instance, [5], [IB]- Assumption | ( A6 )] is again 
the restriction for the geometries of cu k for large k. 

If the function e In 77(e) goes to a constant or to infinity as e — > +0, according to 
Theorem 12. 2[ the homogenized operator has boundary condition (|2.6p instead of the 
Dirichlet one. This boundary condition describes a delta-interaction on 7, see, for 
instance, [T] App. K, Sec. K.4.1]. The uniform resolvent convergence holds in the 
sense of the operator norm |j ■ ||L 2 (o)->L 2 (J2 e ) only. To improve the norm, one has either 
to employ the boundary corrector, sec f)2.9[) . or to assume additionally K — 0, see 
(|2.10[) . We observe that according to assumption |(A14"J[ the coefficient (3 in (|2.6p for 
the homogenized operator depends only on the distribution of the points s k and there 
is no dependence on the geometries of the holes. There is also no special restrictions for 
the part 88q with the Dirichlet condition. For instance, the number of holes in 86q can 
be finite or infinite and the structure of this set can be rather arbitrary. We mention 
that similar situation holds for the problems with frequent alternation of boundary 
conditions with the Dirichlet conditions on exponentially small parts of the boundary, 
cf. 0. 

If the perturbed operator has no Dirichlet condition on d6 s , i.e., if Mo is empty, the 
homogenized operator has either condition (|2.6D on 7 fTheorcm l2.4[) or even no condition 
(Theorem [22]). In both cases we again have the uniform resolvent convergence in the 
operator norm || • \\L^(n)^w^(n')- I n Theorem 12.31 we need no additional restrictions 
for the geometries of du> k , this is owing to assumption |(A7)[ In Theorem 12.41 77 is 
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constant (see (A8) ) and because of this we introduce two additional assumptions for 



dujk- Assumption (A10) restricts the distribution of lengths of duik, see (|2.12p . while 
assumption (All) describes the "regularity" of du>k as \k\ — > oo likc |(A6)j in Theorem l2.1l 
We stress that the coefficient /3 in (|2.6|) for the homogenized operator depends both on 
the distribution of the holes and the sizes of their boundaries. 

Our next main result describes the convergence of the spectrum of T~L e as e — > +0. 

Theorem 2.5. Under the hypotheses of Theorems \2.1\ \2.Sl \2.4\ \MM the spectrum of 
the perturbed operator Ti. e converges to that of the corresponding homogenized operator. 
Namely, if A is not in the spectrum of the homogenized operator, for sufficiently small 
e the same is true for the perturbed operator. And if A is in the spectrum of the ho- 
mogenized operator, there exists X £ in the spectrum of the perturbed operator such that 
A e -> A as e -> +0. 

We note that this theorem is not directly implied by Theorems 12.11 12.31 12.41 12.21 
Despite these theorems state convergence of the perturbed resolvent to the homogenized 
one in the uniform norm sense, the norm itself depends on s. Nevertheless, this makes 
no serious troubles and in the proof of Theorem 12.51 we show a simple extension of the 
perturbed operator to have the classical uniform resolvent convergence. 

In the cases of general non-periodic perforation treated in Theorems 12 . 11 |2~3I 12 . 41 l2~2l 
the structure of the spectrum of H. e can be very complicated and in fact we can only 
describe its convergence by Theorem 12.51 If we pose additional assumptions for the 
perforation and the operator, it is possible to get more information about the spectrum's 
behavior. The most obvious example is the periodic perforation for the Laplace operator. 
Exactly this case is studied in the second part of the paper. 

We assume that Ay = 5{j, Aj = 0, Aq = 0, i.e., H £ = — A. The curve 7 is supposed 
to be a straight horizontal line 7 = {x : X2 — d§\, do € (0, d), and Sk = irk. All the 
domains Uj arc supposed to be the same, ujj = u), j <E Z. We shall consider only the 
case as Mi is empty. If this set is non-empty, the situation becomes rather complicated 
and this is subject to a separate paper. 

bmce now the perforation is periodic, assumptions |(Al)| |(A2)| |(A3)[ |(A5)[ |(A6)[ 



(A14) become trivial and obviously hold true. 

Under the above restrictions the operator T-L e is periodic and its spectrum is described 
by Floquct-Bloch theory (see, for instance, Namely, we introduce the periodicity 

cell D e := {x : \xi\ < eir/2, < X2 < d} and consider the operator H £ (t) 

W «( T): =(i£-i) a -^ in U £ W , ?e[ -l,l), 
uj e := {x : e~ 1 ri~ 1 (e)(xi,X2 - d Q ) e lo}, 

subject to Dirichlet condition on r e := dVt n dD e and on doj e and to periodic boundary 
condition on dO s \ V s . The associated quadratic form is 

v) :=((^-^u,(^-l)A (2-13) 



vv d Xl e) \d Xl e) J ia(n . N(l) .) 

on W 2 1 per .(D e \ uj e , duj e U T e ). Here W^peri^ \ cj£ i S) i g tne subspace of the functions 
in W^C-i \ w e , S) satisfying periodic boundary condition on dO £ \ T £ . 

By A„(?, e), n ^ 1, we denote the eigenvalues of the operator H e (r) taken in the 
ascending order counting multiplicities. Then 

00 

o-{U-)= |J{A„(^):<re[-l,l)}, (2.14) 

n=l 

where cr(-) denotes the spectrum of an operator. 

We proceed to the limiting operators. By £ e we denote the subspace of L2{O e ) 
consisting of the functions independent of x\. We decompose L 2 (n e ) as L 2 i\2 E ) = 
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£ e © £j_, where £^ is the orthogonal complement to £ e in Z^fp 5 )- In £ e we introduce 



the operator 



(lXr 



subject to Dirichlet condition at x-i = 0, X2 = do, x-i 



d. The associated sesquilinear form is 



du dv 

dX2 5 dX2 



L 2 (0,d) 



on Wi((0,d),{0,d o ,d}). The 



eigenvalues of are 7r 2 /(m 2 dg), ir 2 /(k 2 (d — do) 2 ), m,k <E IN. The first sequence 
corresponds to the interval (0, do), while the other to (do, d). We take these eigenvalues 
in the ascending order counting multiplicities denoting then by A®, n 1. We observe 
that A° can be a double eigenvalue if Aj^ = 7r 2 / (m 2 ^) = it 2 / (k 2 (d — do) 2 ) for some m, 
k. 

Theorem 2.6. Suppose \(A4 )\ and 
(A15). The set Mi is empty. 

(A16). The parameter <; ranges in the segment \q\ <1 — <ro, where ^o € (0, 1). 
Then for sufficiently small e the estimate 

-i 



(Q u D r 



i0 



^Coe 1 ' 2 ^^ 1 ' 2 + 1) (2.15) 



L 2 (n e )-s-i2(n e V e ) 



holds true, where Co is a constant independent of e. Given N £ IN, there exists So = 
So(N) such that the eigenvalues A„(r, e), n = 1,. . . , N, satisfy the relations 



A„(r,e)- — -A° 
£^ 



/or £ < £q . T/ie identity 



holds true. 



^4C (AD)V/2(| ln?? |i/2 + 1) 
info-(W s ) = Ai(0,e) 



(2.16) 
(2.17) 



In £ £ we introduce the operator <2k(m) 
x\ = 0, .xi = d, and to the condition 

du 



dxi 



subject to Dirichlet condition at 



[u}x 2 =d = 0, 



dx-2 



- 2(K + fi)u\ 



0. 



where [•] 2:2 =do denotes the jump at X2 = like in (|2.5p . The associated sesquilinear 
form is (-^-, ^) + 2(K + n)u(0)vj0) on ^((0, d), {0, d}). The eigenvalues of 

the operator Qj^CaO are the roots to the equation 

V^sin y/Xd + sin y/Xd sin \/X(d — d ) = 0. 

We take them in ascending order counting multiplicities and denote then by A„(/i), 
n > 1. 

Theorem 2.7. Suppose (A12)\\(A15)\\(A16) Then for sufficiently small £ the estimate 



;q^(^) _1 ©o 



1/2 



(2.18) 



L 2 (n e )->i2(n e \w e ) 



ZioZds irwe, where Co is a constant independent of e. Given N € IN, £/iere exists £0 = 
Sq(N) such that the eigenvalues A„(r, e), n = 1, . . . , iV, satisfy the relations 



\ n (T,e)-^-A%((i) 



< 4C (A*(/i))V/ 2 



(2.19) 



/or £ < £0 ■ 27ie identity holds tr 



ue. 
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Two latter theorems provide the asymptotics for the first band functions of the 
perturbed operator in the considered periodic case as well as the uniform resolvent 
convergence for the cell operator 7-L e {t). Estimates (|2.15[) . (|2.18[) show that after an 
appropriate spectral shift the resolvent of the cell operator behaves as a one-dimensional 
operator; this is reflected in the asymptotics for the first band functions in (|2.16|) . 
(|2.19|) . The eigenvalues A„ (fi) are holomorphic w.r.t. /i as one can see easily from their 
definition. The bottom of the spectrum of the perturbed operator is attained by the 
first band function at r = 0, sec (I2.17p . 

Throughout the rest of the paper by C, C\, C2, C3, ...we shall indicate various 
inessential positive constants independent of e, 77(e), s, r, x, and various functions /, «, 
v, . . . from the Sobolev spaces we shall deal with. In all the estimates such constants are 
independent on the functions written explicitly (except the coefficients Ay, Aj, Aq, a). 
In the case of local estimates in a vicinity of each tof, such constants are also supposed 
to be independent of k. 



3 Preliminaries 

In this section we prove several auxiliary lemmata which will be employed in the proof 
of our main results in the subsequent sections. In all the lemmata we assume |(A1)| 

BIB 

Lemma 3.1. The perimeters and the areas of tOk satisfy the uniform in k estimates 

Ci < |0w fc | < C7 3 , C 3 <K|<C 4 . 

Proof. Both the lower bounds follow directly from assumption |(Al)| with Ci = 2nRi , 
C3 = ttR 2 . The upper bound for the perimeters is implied by assumption (A3) with 
u = 1, 5 = 1 that gives C2 = (b 2 — \)ttc\{\)R^. And assumption |(A2)| yields the upper 
bound for the areas with C4 = i^R\. □ 

Lemma 3.2. Let c > be a constant. For each 5 > there exists a constant C(S) > 
such that for all v £ W^i^l 6 , 96$), u G W 2 1 (^) an d oil sufficiently small e the estimates 

IN / \ <e 1/2 v 1/2 {S\Wv\\ L2m + C(S)\\v\\ L2m ), (3.1) 

L 2 I {x:\r\<ce V }\ \J B R2er ,(yl)\ 

E IMlL(B.W»S)\BWi4)) < £r l 2 (\lnr,\ + l)(Wv\\l a{ n.) + C(£)NlL(n*)), 
fceMi 

(3.2) 

E W u \\UB hR2ev{yg) ) < £V 2 (\ lnr?| + l)(*||Vu||i a(n) + C (S)\\u\\l 2{n) ) (3.3) 
fcez 

hold true. There exists a constant C > such that for all v £ W 2 l (Q £ ) and all sufficiently 
small e the estimate 

IMU 2 ({x:t=-(&+i)R 2E }) < C||-i;|| w i( ne ) (3.4) 

is valid. 

Proof. Since the function v vanishes on 9#q, we extend it by zero inside 9q and after 
that it belongs to W^i^l \ Of) and has the same L2- and Wj-noim. By xi = Xi(t) we 
denote an infinitely differcntiable cut-off function being one as t < 1 and vanishing as 
t > 2. Then for sufficiently small S and |r| < tq/4 

T 

v(r,s)= J iUt,s) Xi m) d t, ±r>0, 
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and by Cauchy-Schwarz inequality 



/) 2 T 2 



dv , 



dt + C{5) j \v(t,s)\ 2 dt, ±r>0. (3.5) 

_1_ St 



Integrating these estimates over {x : < ±r < Cerj} \ [J B^ 2ev (yf,) and {x : t 

-(b+ l)R 2 s}, we arrive at (J37T]), (j3"^j) . 

We have 

/la; — w e |i? _1 £ _1 — 1\ 
v{x) = v(x)xi ( J ' h 2 _ 1 J as x e B bR2BTI (yl) \ B R2Er] {y e k ). 



Let (r, (ys) be polar coordinates centered at y e k . By assumption | ( A2 ) | the ball B(2b-i)R 2 e(yi) 
does not intersect with uf , i ^ k. Hence, for R2erj ^ r ^ bR2£rj the Cauchy-Schwarz 
inequality implies 



\v(r, (p)\* 



(2b-l)R 2 e 



(26-l)fl 2 e (2f>-l)fl 2 £ 9 

ai^Pn 



(2b-l)fi 2 e 



In 7/1 + 1) 



Hier) 



du 



+ e- 2 \v(t,<p)f 



tdt (3-6) 



Integrating this estimate over Bbn 2£V (y k ) \ Bn 2£r] (y k ) and summing up then over fc £ 
we obtain 



Eh 



L2{B bIi2Er} {v%)\B R2ev (yl)) 



^Cr? 2 (|lnr/| + 1) e 2 \\Vv\\l 2{an + \\v\\ 



L 2 [ {x:\ T \<(2b-l)R 2 e}\ (J B R2£ „(y%) 



This estimate together with ()3 . 1 [) lead us to (|3.2[) . Estimate (|3 .3[) is proven in the same 
way. □ 



Remark 3.1. The main idea of the proof of (|3.2[) is borrowed from that of Lemma 3.2 



Lemma 3.3. There exists a constant C > such that for each v £ (0 £ ) and for all 
sufficiently small e the estimate 



Ml 2( oe V < Ctyl lnr?| + 1)(<5|| V V ||i 2(nt) + C(<5)|M|| 2(f>) ) 



holds true. 



Proof. Due to assumption |(A2)| we can cover the set Q\ by the union of the balls 
U BbR 2ev u/jy . Each point of fi £ belongs to finite number of the balls B},ji 2eri (yf.) 

and this number is uniformly bounded in e and all points. Rescaling each w| in (er/) -1 
times and employing assumption |( A3)] and ()3.1[) . we get 



\ v Wl-2(dei) = E hWl^D < ^ E H Vw l 



L2(B bR2ev {y e k )\u) e k ) 



feGMi 



fee Mi 
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{BbR 2 e V (y e k )\B R2e r ) {y' s k ))' 

feGMi 

It remains to employ (|3.2p to complete the proof. □ 
Lemma 3.4. For any S > there exists a constant C(S) > such that the estimate 
\(av,v) L2h) \^S\\\/v\\ 2 L2{n) +C(S)\\v\\l 2{n) 

is valid for all v G W^fil). The constant C(5) is independent of v. 

The statement of this lemma follows from [3(3 Ch. I, Sec. 2, Ineq. (2.38)]. 
Lemma 3.5. The estimates 

du 



+ J2 ( u,Aj d^) + ( A ° u > u )L 2 (n) + ||"|li 2( n) 

j—l \ 3 J L 2 (Q.) j 

+ Y\ u ' A j7&) +(A u,u) L . 2{n) 
3=1 ^ is L 2 (n) 

+ (Pu,u) L2h) + \\u\\l 2{Q \ 
<9t> 



E "-V + (4>«, (3-7) 



® X 3 ) L 2 (U') 



+ (a,v,v) L2{ag o } + ||v|| i3 ( ne) J 
hold true for all u £ W\ (fi), v € W / 2 1 (^ e ); where fj is any function in W^j). 



Proof. The estimates follow directly from the ellipticity condition in (|2.2[) , Lemma [ 
and Cauchy-Schwarz inequality. □ 

Lemma 3.6. TTie estimates 

\\{H e - i)" /||w-|(n=) < C||/IU 2 (n«), 
IIC^d _ i) /llwf(n±) < C||/|| ia (n ± ), 

\m a -i)- l f\\ w * {n) ^C\\f\\ Lm , (3.8) 
IIC^ - irVllvKKnvy) < C(ll^lki(7) + l)ll/IU 2 (o) (3.9) 
/io/d £rue, where fj G ^^(7). 

Proof. The first estimate is implied by Lemma T3. 5 1 and the integral identity for (H e — 
i) /. And the three last estimates can be proven completely in the same way as 
Lemma 8.1 in (30J Ch. Iff, Sec. 8]. □ 
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4 Dirichlet condition on boundaries of holes: homog- 
enized Dirichlet condition 

In this section we prove Theorem 12.11 Let / e L2(0), u e := (H £ — i)~ 1 f, u° := 
(K - I)" 1 /, « e == « e - (1 - X!)«°, Xl{x) := Xi(fi) as |r| < r and xf(i) := 
outside the set {x : |r| < To}. Here xi is the cut-off function introduced in the proof of 
Lemma |3~21 The definition of the operators H £ and "Hp yield the integral identities 



(4.1) 



t) £ (u e ,v e ) - i(u e ,v £ ) L2{nc) = (f,v £ ) L2{n e } , 

(i - xIK) - (i - xl^) L2{n) = (/, (i - x!K) Mn) . 

Since 1 — x| vanishes on each w|, we have 

K,(i-x!K) i2(fi) = K,(i-x?K) Mfie) , 
(/ ) (i-x?K) £2(n) = (/,(i-x?K) w , 
(a(i-x?K,« £ ) i2W = o, 

and by the definition of f)p 



(4.2) 



^(«° > (i-x!K) = ^((i-x!)« ,« c )- E ( A 



13 dxj dx. 



2 



i,j=l v — J — ' 7 i2(f2 £ 



L 2 (O e ) 



(4.3) 



.o 5 Xi 



L 2 (n^) 



We deduct the formulae in (|4.1[) one from the other and employ (|4.2[) . (14.31) . 



f) e (« e ,« c )-i||« e |li a( n.) = (x!/,« e )i a (n.)- E ( A 
dx{ dv rX 



du° dxl 
13 dxj dx. 



L 2 (n=) 



+ E U 



«',j=l 
2 



9x 2 / L2 (j>) j=1 



(4.4) 



£a(fi<0 



L 2 (n e ) 



Our next step is to estimate the right hand side of the latter identity. In order to 
do it, we need several auxiliary lemmata. 

Lemma 4.1. For any u 6 J)('Hj| ) ) and |r| < to/3 i/ie estimates 
\u(s,t)\ 2 < CT 2 ||w(s,-)||^2(_m m)> 

/io/c! true, where C are the constants independent of u, s, and r. 
Proof. The desired estimates follow from the obvious relation 

2 m 



|u(s,t)| 5 



9k 
7> 



(s,t)dt 



*S \t\ 



dit 
97 



M) 



(4.5) 



and ([33]) . 



□ 



13 



Denote IF := {x : |r| < c 3 e} and assume that 



c 3 >bR 2 , |J B Rse (y%) Cff, (J B bR2Er ,(yl) cff. (4.6) 

fc£M fell 

Lemma 4.2. TTie estimate 

KIU 3 <n.\*.) ^Ce(\]nr,(e)\^ 2 + l)\\Vv^\\ L2m 

holds true. 

Proof. We extend the function v e by zero inside 9q. Since v £ vanishes on d9®, the 
extension belongs to W 2 1 (fi \ 9f) and has the same L 2 - and W^-norm. 

By assumption |(A2)| for each k G M the ball Bn ieri (x k + yf,) lies inside u>%. We 
introduce polar coordinates (r, 9) centered at x k + y e k . Since v £ = as r = i?i£?y, we 
have 



Rl£T) Ri€T} 



r 




1 


dr 



rdr. (4.7) 



Integrating this estimate, we get 

IklLazisl ^s^l + , |r|<( C3 + l)e}) + IK II L 2 ({x:s= S = ± | T |<(c 3 +l) e }) g 

< C£ 2 (|lnr ? | + l)||V?; e ||! 2({a::s e i _ <s<sUi | T | <(c3+1)£}) , 

where s| ± are chosen so that the sets {x : s = s\ ± \t\ < (c 3 + l)e} do not intersect 
with 9 £ , and for each 

BbR 2 e V {vt) C {a; : s| _ < s < s| )+ , |r| < (c 3 + l)e}. 

Let X2 = X2( x ) be an infinitely differentiablc cut-off function with values in [0, 1], 

being one in Bn 2Er] (yf.) , k £ Mi, vanishing outside (J BbR 2 sri(yk) > an d satisfying the 

fceMi 

uniform estimate |Vx|| ^ Ce _1 7y _1 (£). We represent as w e = xl 1 " 6 + (1 — X^)" 1 ^ an d 
see that \2 v£ € W - ^ 1 \BbR 2 er) (y%) \ W L 9BbB. 2 eri(yk)^j ■ Then by assumption | ( A6 ) | we have 
the inequalities 

W v£ h 2 (B 2R2en ( v f,)\ui) ^ C \\ v£ \\L 2 (B hR2 ^{y%)\B R2Bn {yl)) 

+ Ce 2 r 1 2 \\\7 X 2^\\ 2 r fn , e « sv fee Mi, 
eVl|Vx|t; e ||* /„ , g \ \ ^C||v £ || 2 ,„ , ... e , 

I II ^ "L 2 (B bR2SV (yD) H llL 2 (B 6H2Er ,(y|)\aj|) 

+ C*eVj|V l ; e || 2 . ... eV fc 6 Mi. 

Hence, summing up w.r.t. k, 



<c £ Vl|w|| 2 2(ne) 



i2 U B 6H2e ,(3/|)W 
\ fceiMj 



cii^n 2 

I-2( U BbR 2 er,(yt)\B R2 e v (yi) 



(4.9) 



In view of (|4.6[) . the domain {x : c 3 £ < \t\ < (c 3 + l)e} do not intersect with 
U B 2 R 2Sr ,(yl). Thus, for c 3 e < \t\ < (c 3 + l)e and s G (s|,+j4+i,-) onc nas 



feeM 



w £ (s,r) = w £ (4 + ,t) + / -T^-ds. 
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Assumption |(A5 j| yields the inequality |s| +1 _ — s| + | ^ Ce, k S Mo. Thus, 



K(s,r)| 2 <C 



|^(4, + ,r)| 2 +e 



V 



e 

fc+1,- 

/ 


<9ir 


2 ^ 

ds 


e 






s G 




-J *fe+l 



4.81). we obtain 



ll U lli 3 ({x:c 3 £<|T|<(c3+l)e, s' k + <s<s' k + 1 _}) 

^ Ce 2 (\\n V \ + l)||« £ ||i 2({:c:C 3 e< | T | <(C 3 +1 ) e , s| >+ <««S + i,-})' ^ G Mo ' 

Summing up w.r.t. fc, we arrive at one more estimate 

lk E |l! 2 ( { ,:c3 £ <|r|<( C3+ iM)<^ 2 (|ln^l + l)l|V^j|! 2(0e) . (4.10) 

Given any x € IF \ (J BR 2E71 (yl) , consider the associated values (s,r). We then 
tell 

have 



dr 



dr, ±t > 0. 



±(c 3 + l)e 



Hence, 



We integrate this estimate over IF \ (J £?R 2£r/ (y|) and employ (|4.10p . It yields 

fceM 





r 


+ Ce 


T 

/ 


9w £ 
<9t 


2 




±(c 3 +l)e 




±(c 3 +l)e 





II" 



£2 [U.'\ U Bfl 2 ^bfc 
fceM 



^IKIIz, 2 ({x:c 3 £<T<(c3+l)e}) + Ce II Vz;£ II i 2 (IF 



,.e||2 



□ 



«7e 2 (|l n?7 | + l)||V« £ || i2(ne) . 
The obtained estimate, (|4.9[) . and (|4.8|) imply the statement of the lemma. 
Let us estimate the right hand side of (|4.4p . By Lemma B~2l we get 

- xl)f,v £ ) L2{nc) \ =\(f, (1 - XiK) La(neNeo | < C|l/IU 2 (o)ll^llL 2 (nn^) 
<Ce(| In 77(e)! 1 / 2 + l)||/|U 2( n)||V<; e |U 2 (ne). 

In the same fashion employing Lemmata 13.51 13.61 14. 1[ 14.21 we obtain the estimate for 
the next term in the right hand side of (|4.4[) . 



L 2 (n=) 



sCCe^llWl 



L 2 (n e )ll ?; lli 2 (nne e ) 



<C £ 1 / 2 (|lnr ? ( £ )| 1/2 + lJII^H^^HV^IU^n.) 
^Ce 1 / 2 ( I In 77(e) I V 2 + 1) 1 1 f\ I L2 (n) || W £ || w , (n . , . 

The other terms in the right hand side of (|4.4p are estimated in the same way, 



dxj ' 



i 2 (n=) 



^ 1/2 ||/IU 2 (n)IKH 
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dx o 



-E K>^ e F 

< Ce -1 ||u°||£ 2 (n)||ir|| i3 (n=\6i<0 
<C £ 3 / 2 (|lnr ? ( £ )| 1 /2 + l)\\f\\ L2{a) \\vC\\ wim . 

Substituting last four estimates into the right hand side of (|4.4[) and using Lemma [5751 
we arrive at the inequality 

\\v e \\w} m ^^(lln^l^ + i)!!/!!^. 

It remains to estimate the norm ||XiW°|| w 1 ^) to complete the proof. Employing 
Lemmata 13.61 14.11 one can check easily that 

Mu°\\ L2{( r) ^Ce^ 2 \\f\\ L2m , 

l|Vx?u°IU 2( n=) < C (MVu°\\ L2m +e- 1 || M °|U 2 (^)) < Ce 1/2 ||/|U a (n). 
The proof is complete. 

5 Robin condition on boundaries of holes 

In this section we prove Theorems 12.31 12.41 We begin with Theorem 12.31 



5.1 Proof of Theorem E3] 



Let / S L 2 (ty, u £ := {U e - i)" 1 /, u° ■= (H° - i)" 1 /, v e := u e - u°. Assumption [(A8)] 
implies that Q\ = 0, 0f = 9 £ . Since u° € W^ity, by the standard embedding theorems 
the function (-§^r + a) u ° belongs to L2(d8 6 ). Then the function v £ is the generalized 
solution to the boundary value problem 



- y —At— 

dxi %3 dxj 

1,3=1 

v £ = on dil, 



E^ 



d d_ 

dxj dx 



■Aj + A - i \v e = in tt £ 



d 



+ a)v 



( d 



a ) u° on 39 s . 



,dN £ J \dN 
Taking v e as the test function, we write the associated integral identity 



r(« £ ,« £ )-iiKiii 2( oe) 



ON* 



(5.1) 



The main idea of our proof is to estimate the right hand side of this identity in an 
appropriate way and to get then the desired estimate for v E . 
It is clear that 



d 



ON' 



+ a I u°,v £ 



( du° 

yaw 



L 2 (9?) 



If a = 0, the constant C in this estimate can be taken zero. Lemma 13.31 and 
the estimate for the last term in the right hand side of (|5.2I) . 

\\u \\L 2 (9n\\ v6 \\L 2 (e?) ^Cr)(\ lri7?| + l^l^ll^^lHlw^n-) 
<Cr](\ \ni]\ + l)\\f\\L 2 (n)\\v e \\ w i(ney 

( du° 
{ON? 



+ C\\u°\\ L2m \\v £ \\ L2m . (5.2) 

imply 

(5.3) 



We proceed to estimating the term ( , v e ) . We let 

L 2 (9 E ) 



' dv? 
,dN £ 



du° 

\duk\e?] J dN £ 

duil 



1G 



Ui 



1 

bR 2 eMy%)\ B R2^(v%) ''~ (6 2 - l)^^ 2 



dx, 



du° I du° 



dN s \ ON 



B b R 2 E V (yt)\B R2er ,(vl) 

^fe V ~ ( V ) B bR 2 er,(yi)\ B R 2 en(yi) ' 



Obviously, 



U% G i 2 (aw|), | E^da = 0, 



and also 



B&R 2 si(l/fc)\ B H2«j(l/fc) 



V fe s = 0, 



(5.4) 



L 2 (9=) \ 9iV£ / 



« e dfl + (C^,VJf)£ a(8u j.). 



By Cauchy-Schwarz inequality and Lemma 13-11 it yields 



<9/V £ 



^1/2^1/2^1^11/2 

fcez 

2 \ Va 



w e ||L 2 (awf) 



<9/V £ 



(9a 



1/2 



(5.5) 



I II L 2 {du%) 



1/2 



E"^ 



£||2 

L 2 (9wf) 



1/2 



Integrating by parts, we get 
du° \ 



Out 



E^^+Erf^- 



\duj k \erj J \/j^ 1 dx i dx 



Employing Lemma 13.11 and Cauchy-Schwarz inequality, we obtain the estimate for 

/ du° \ 



du° 

dm 



a^f 



< C\\u°\ 



w 2 2 K)- 



(5.6) 



Since 

ren2 



m\\Ua uV +£V\duj k \ 
by Lemma 13.31 we have 



du° 
dN s 



a^f 



du° 



.0 II 2 



.0 II 2 



«S C( HV« l|La(0wS)-|-H«' HL 2 (9 W f) 



E H^ll £,«*-£) In *?l + l)ll« |l^( n) - 



(5.7) 



A-ez 



Due to assumption |(A2)| with 6 = 1, (|5.4I) . Poincare inequality [351 Ch. I, Sec. 1, 
Incq. (1.5)], and by rescaling w| in (e?/) -1 times we get the upper bound for llV^H^a^), 

Il^/f IIl 2 (8w|) S S C '( £? /ll VV fe : |lL 2 (S H2er ,( ! ;|)V|) + £ 1? ? 1 \\ V k\\L 2 (B bR2SV (y' k )\B R2EV (yl)) 
^ C£7 7ll VV fc e \\l 2 (B R2EV (yl)\ul) < C ' £7 ?ll Vl ' £ |lL 2 (B 6R „ r ,(y|)\^)- 

(5.8) 
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The norm Hi^Hl^o^ 6 ) can be estimated by Lemma 13.31 This estimate and (|5.5I) . (15. 6[) . 
EZD, (EH), (EH) imply 



<Ce^\^v\ 1/2 + mA\wi(a)\\v e \\wi m 



(5.9) 



^CeVa^d i n?7 |V2 + lJII/II^^IKIU^n.). 
We substitute this inequality and (|5.3[) . (|5.2[) into (|5.1[) to obtain 

|P) £ (w E ,w E )| + lk £ ||i a(ne) ^C^Iln^l + lJII/ll^njU^ll^i^), if a^O, 

1^,01 + ||^||i 2(0e) < Ce 1 ' 2 ^ ln77| 1/2 + l)ll/IU 3 (n)ll« e Hwi(n.). if <^ = 0. 

To complete the proof, it remains to estimate the left hand side of the latter inequalities 
by Lemma 13.51 

Remark 5.1. Throughout the proof we assumed |(A7)[ But as one can easily see, all the 
estimates are valid also in the case rj = const. 



5.2 Proof of Theorem El 

We let 7 := {x : r = -{b+l)R 2 e, s € R} and by [(A2)1 we see that 

for all k e Z and sufficiently small e. Given /3 G Wi(7)i by 'H° a we denote the operator 
with the differential expression (|2.3[) subject to the boundary conditions 



[?% = 0, 



8 



dN° 



+ Bu\~ = 0, 



(5.10) 



dN° 



E A ^^T' M' 

i,j=l 1 



u\ 



It = -(6+1)_R 2 £+0 l-r = -(b+l)ii 2 e-0 



Here the function a is defined on 7 in the sense that a = a(s) at the point x = 
p(s) — (b+ l)i?2£J /0 (s) £ 7. We observe that the normal to 7 coincides with i/° and this 
is why exactly this vector appears in boundary conditions (|5.10l) . The associated form 
is 



2 



<9it <9v 



9xj <9x, / i3 ( n ) j . =1 



j'=i 



EM 



J / -L 2 (H) 



L 2 (0) 



in L 2 (fi) on W£(Q,). 

As for 7, the curve 7 divides fi into two disjoint subdomains Q±, where Q + is the 
upper one. By analogy with Lem. 2.2], [35| Ch. IV, Sec. 2.2, 2.3], QH Lem. 3.2] 
one can check that 

= {ue Wi(Q) : u e W%(n ± ) and (I5~TU1) is satisfied}. 

Given fe L 2 {Q), we let := (H £ - i)" 1 /, u° := (W° - i)" 1 /, ^ := (W° - i)" 1 /, 
uo := u — So- 

We first prove several auxiliary lemmata. The first one is implied by assumption 



(A10) 



Lemma 5.1. The function a E (s) is bounded uniformly in sufficiently small e and s£R. 
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Lemma 5.2. Let fj £ W^^x : |r| < r /2}). Then for any f £ L 2 (Q) and all suffi- 
ciently small e the estimates 

H(W2-i)-7llw2(nVy) < C||/IU a (n), (5-H) 

- i)- 1 / - (H° - i)-Vll^(n\( 7 U7)) < ^ 1/2 ll/IU a (n) (5-12) 

/io/<i irue, where C are positive constants independent of f , f3, and e. 

Remark 5.2. The function f3 in boundary condition (|5.10|) for the operator "H® is un- 
derstood in the sense of the trace of f3 on 7. 

Proof. The first estimate can be proven by reproducing the arguments of the proof of 
Lemma 8.1 in [SHI Ch. H, Sec. 8] and keeping track of the dependence on j3. Although 
now the operator depends on e, the only dependence is in the definition of the curve 
7 and its equation depends on s smoothly. Exactly this fact implies that the estimate 
(|5.11[) is uniform in s. 

We write the integral identities for u° and u° choosing uq := u° — u° as the test 
function and deduct one identity from the other. It yields 



t)p(uo,u ) - i||wo||i 2( n) = (^0,^0)7 - (/3w ,w ) 7 . 



(5.13) 



It is easy to see that *jh v °{ s ) = K(s)p'(s), where K is an uniformly bounded on 7 
function. Then we can rewrite the right hand side of (|5 . 1 3|) as 



(/3S «o)| T= „ {6+1)i?2E (l - (6+ l) J R 2 £i^(s))d S - y (/3w wo)| x=0 



ds 



(b+l)R 2 e / {f3u u )\ T= _ (b+1} 



Rlr- 



dS 



—/3uqUo dr ds. 
or 



Lemma 13.21 and the smoothness of a and a imply 



d_ 



I3uqUq dr ds 



-(b+l)R 2 e 



u o\\wi(n)\\uo\\wi(Q)- 



-(b+l)R 3 e 

Two last relations, (|5.13[) , and Lemma T3.5I yield 

\\u°\\w} m < CeV 2 \\f\\ L2(n) . 

It remains to estimate L 2 (f2)-norm of second derivatives of u° . We again reproduce 
the arguments in the proof of Lemma 8.1 in [501 Ch. IE, Sec. 8]. It leads us to the 
estimate 



II^°IIh' 2 2 (0\(7U7)) ^ C(\\ b \\w^({x:\T\<T /2}) + 1)!!" !!^ 1 ^) 



du° 
ds 



du° 

Pi -5 h P 2 u ) ds- 

as 



du° ( du° n . 

Pi — + P 2 u° ds 







0s 



(5.14) 



where Pi £ W^ Q (x : |r| < To/2) are certain functions obeying the inequality 

l|- P l||wi(a;:|r|<ro/2) + || P 2 \\ {x:\t |<t /2) < W^({x:\t\<t /2}) + 1): 

and C are constants independent of /, /3, and e. Wc rewrite the last term in the right 
hand side of (|5.14D as 



du Q / du° 



ds 



ds 



A^ + V Us- -z-[Pi-z- + p 2U° ds 



du° ( „ du° 



ds 



ds 
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* [-57 ( P ^ + P2U 1 



7 -(b+l)R 2 . 

and employ Lemmata 15.21 1531 to estimate it, 
o 



d fdu° f du° 



7 -(b+l)R 3 e 



^ C(\\b\\w^({x:\r\<T /2}) + 1) 



d 2 u° 



dsdr 



L 2 ({x:-(b+l)R 2 e<T<0}) 



\W 2 1 {{x:-(b+l)R 2 e<r<0}) 



ll u llwf({a::-(&+l)R 2 e<T<0}) 
L 2 ({x:-(b+l)R 2 s<r<0}) j 

< C£ 1/2 |ju || V y2 ({K ._ (h+1)fl2e<T<0}) ||u°|| w 2 ( | s ._ (b+1)fl2£<r<0 j ) . 

Combining two last relations and (|5.14p . we complete the proof. □ 

In view of Lemma I5~2l to prove the theorem it is sufficient to estimate the W\(Sl £ )- 
norm of the function v £ := u £ — u° . This function solves the boundary value problem 



dxi dxj 
v e = on dfl, 

[v e h = 0, ^L- 



a 



^8N 
+ aau°\~ = 0. 



a \ v = — 



( d 



\dN s 



a)u° on 80 £ , 



We write the associated integral identity with v £ as the test function, 

/ du° \ 

t) £ {v £ ,v e )-i\\v £ \\ 2 L2ins) = - tt^,v £ - (au°, + (aau°,v £ ) L2{ ^. 

\ oiy / L,(de=) 

(5.15) 

Let us estimate the right hand side of this identity. 

Proceeding as in the proof of (|5.9[) in the previous section and employing (|5.11[) 
instead of (|3.9[) . we obtain 



/ du° 

\jm> 



L 2 (9? 



^Cs^rj l/2 (\^v\ 1/2 + l)\\u°\\ w§m \\v £ \\wi^ 
^Ce^din^i/a + iJII/ll^njll^ll 1(ni) . 



(5.16) 



To estimate the remaining terms in the right hand side of (|5.15D . we first use as- 
sumption [(All)] For each v E VK 2 1 (Bb+i fl2£?) (y|)\a;|) the function X%{x) := X k {^pj 
obeys the integral identity 

e(VX%,W) 



v du 



\duj k \ 



dull 



TT(b+l)R 2 



v du = 0. 



0B b+1 (vl) 



We choose the test function as v = au°v*, E C 1 (B b±i R2£T} {y%) \ wjQ to get 



-R 2 ?V 



+ (aM ,w*) L2(9ajE ) 
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\dUk\ 

n{b+l)R 



Since the space C 1 (Bb±i Raev (yf.)\u)%) is dense in W\ (B b+i R2er) (y%) \ w|), the last 
identity is valid also for each € W 2 (Bi+i R (y^)\ui^), and, in particular, for = v £ . 
It yields 

\du k 



fees 



and by (|2~T2l) 



(au°,w e ) L2(aee) - ]T 



^+l)i? 2 (aU ' v)L2(aB ^^^ )) 



(5.17) 



< C||M°|| M / 2 i({ :I ..| r | <bH2e })||?; 6 || L2 (s- 2e )- 



Let £ = (£1,62) be Cartesian coordinates in R 2 , s be a square S := {£ : < 
bR-2, < W?2} C R 2 . Consider the boundary value problem 



AX = in S\S^ i/?2(0) 
dX tt(6+1) 



<9X 



1 on dBb±i R (0), 



2& 



9;/ s ^ 2 

on {£ : l&l < &Ra, & = -Mfc}, 



on 9S\{f :|fi|<6i?2, & = -bR 2 }. 



The solvability condition of this problem is satisfied and it is solvable in C 1 (E \ Bb±i R2 (0)) . 

To prove the latter, it is sufficient to seek the solution as X = — (£ 2 — &-R 2 ) 2 /(4W? 2 ) + -X\ 
In a vicinity of each point j/| we introduce rescaled variables t; J = , £2 ) by the 
rule x = er]^{p'(esk) — ^2 t/ °( £s fc)) + 2/f- The axes ^ = and = are directed 
along the tangential and normal vectors p'(esk) and is°(esk) to the curve 7 at the 
point esfe, and the point ^ = is located at y%. We define a sequence of squares 
:= {x : £ 3 € H}. Since the curve 7 is C 2 -smooth and has the bounded curvature, 
due to (|2.ip the tangential vectors p'iesk) obey the uniform in small e and all k € Z 
estimate 

| P '( £Sfc )-//( £ .s fe+1 )K / 



Hence, by |(A2)| for sufficiently small e the squares S| do not intersect with wf for all 

i 7^ j. Writing the integral identity for X(^) and proceeding as in the proof of (|5.17p . 
one gets 



E 



\du k \ 



Tr(b+1)R 2 



(au°,v E ) 



L 2 I dB 



2M?a (5.18) 

< C||u°|| H / 2 i({ :I ..| T | <bfl26 })||w' r || vl / : i( OE ), 



Together with ([5T?|l it yields 



fcez 2 



(5.19) 



< CIK || w i({ :C :| T |<6fl 2e })||v £ ||w' 2 1 (n=)- 
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Let us estimate the difference 

— -{au ,v ) i2 (T|) - {aau ,v ) L ^)- 
fcez 2 

For each |£f | < 6i?2 by rf (£f) we denote the value of the variable r corresponding to 
the point x = er]p'(esk) — bR 2 er]V c '(esk). It is easy to check that 

\T~{t{)-bR 2 er,\^Ce 2 



(5.20) 



uniformly in k € Z, sufficiently small e, and < bR 2 . We also observe that the 
integration over 7 can be expressed as the integration w.r.t. s G R with the differen- 
tial (1 — (b + 1)R2eK(s)) ds, where the function K(s) was introduced in the proof of 
Lemma 15.21 Integrating by parts, we have 

s k e+bR 2 e-q 



2bR 2 



(au v e )\ r= _ ib+1)R2E ds 

ier] 3 \ etj J 

J ds J ^-{au°W)dT. 



k£Z s k e~bR 2 srt 

S k €+bR 2 €11 3 \ 617 

\duj k \ 



s k e-bR 2 e-q -(b+l)R 2 e 



By (|5.20p and Lemma 157X1 it implies 

/ s k e+bR 2 eri 

\doj k \ 



E 



2bR 2 



\ 



(au°v% = _ {b+1}R2£ d S 



(au°,w e ) i2(T p - 

s k s-bR 2 er] 

< C||m° \\ w i ({3.. | T |<(h + i)i? 2 e})||f" || wi(n')- 
This estimate, the definition of the function a £ , and (|3.4p yield 

l&^fel 



(a-a e )(cm w £ )| r= _ (b+1) 



R 2 e 



ds 



+ C (e\\u°\\ W i^ + || : " ||w 2 1 ({x:|T|<(6+l)fl2e})) 



^ |a-a £ | 2 |w°| r= _( 6+ i)H 2e | 2 ds^ 



1/2 



+ C'(e||'" ||w 2 1 (f2) + ll u °llw 2 1 ({ a; :|r|<(6+l)fl 2 e})) j II V E \\ w i (n < ) . 

(5.21) 

Let X3 = X3(0 be an infinitely differentiable cut-off function with values in [0, 1], 
being one as t € [1/2,1], vanishing as f e (— 00, 0] U [3/2, +00), and so that X3(£) + 
X3(t + 1) = 1 for t € [0, 1/2]. Then the functions X3( s ~ n ) is the partition of the unity 
on 7, i.e., ^TJ X3( s ~ n ) = 1 f° r au s£R. Employing this partition, we rewrite the first 

term in the right hand side of (|5.21[) as 

s\'ds = ^2 / \a-a £ \ 2 X3(s-n) u°| T= _ (6+1)fl2£ 



\a-aJ 2 \u°L=- 



ds 



B 



= ^ / |a - a e | 2 x 3 (s - n) u°| T= _ (b+1)i? 
nez i 



ds. 
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We then integrate by parts, 



J \a- a e \ 2 X3(s - n)|u°| T= _ (&+1)i?2e | 2 ds 



|a(t) - a £ {t)\ 2 dt | ^X3(s - ™)|u°|t=-(6+i)/? 2£ | 2 ds, 



n \ n 



and employ (|2.11[) together with Lemma UTTl 



- a e (i)| 2 dt | ^X3(s - ") w°|r=-(6+i)ii 2£ 



2 



ds 



n \n 



n+2 



< C||u | T =-(6+l)*i e || w .i (nin+2) y |o(*) - "sWI 2 * < C '^( e )|| u0 |r = -(b+l)i?2e|L 2 i (ni „ +2)I 

where C is a constant independent of e, n, and u°. Hence, by (|5.11j) . (|3.4[) . 

1/2 



(/ 



a - ae\ 2 \u°\T=-(b+l)R 2 e 



ds J < C^ 1/2 (£)|h°|r=-(6+l) J R 2 e|| w i R) 

^C^ 2 (s)\\f\\ L2iQ) . 



This estimate, ([5^1]) . ([CT))) yield 

\(au°,v E ) L2{9gn - (aau ,u e ) L2( ^)| 

< C* ^|| w i ({x .| r | <(6+1)i?2£}) + x 1/2 (e)||/|U 2 (fi) + e\\u \\ w i {n ^ . 

We apply Lemma |3~21 with w = 2°, v = and use (|5.1ip to get 

\{au\v E ) L2(den - (aau°,v E ) L2 ^\ + x V2 (e) ) \\f\\ L2m \\v s \\ wim . 

We substitute this estimate and (|5.16[) into (|5.15[) and employ (|3.7I) . 

KIU>(n.) <c( £ 1 / 2 + ^ 1 / 2 ( e ))!|/!| i2(n) . 

Combining this estimate with (|5.12p . we complete the proof. 

6 Dirichlet condition on boundaries of holes: delta- 
interaction 



This section is devoted to the proof of Theorem 12.21 As in the proof of Theorem 12.41 
we introduce the operator with /3 defined in the statement of the theorem. Given 

/ G L a (n), we let u e := (W - i)" 1 /, ^ := - i)- 1 /, ^° := - i)" 1 /- 
We begin with auxiliary lemmata. 

Lemma 6.1. Let u G W 2 2 (fi \ (7 U 7)) PI W^O). TTiera i/ie uniform in e, k, and u 
estimate ^ 

(E MliB^M)) ) ^ ^ 1/2 ll«ll^(o\ (7 u^)) 

\fcez / 

/10/cfc true. 
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Proof. We first observe that by the standard embedding theorems the function u is 

continuous on f2 + and each term in the left hand side of the desired estimate is therefore 
well-defined. 

We introduce the rescaled variables £ fc = (£f , £2) = ( x ~ He) 6 ' 1 - The function u(e£ fe ) 
belongs to Wf (B fl2 (0)) and due to the embedding C(Br 2 (0)) C W£(Br 2 (0)) we have 

IK £ -)Hc(B^(0)) < C \\ u ( £ -)\\w?(B R2 (0)), 

where C is a constant independent of e and u. Returning back to the variable x, we 
rewrite the latter inequality as 

M l(B^W) < ^ (ll VU H^(^(^)) +Z- 2 h\\UB R2c{yl)) ) ■ 

By p. 31) with 77 = 1 it yields 

E H w llc(B^|T) < C ( ll v "ll 2 ^ ( n + ) + H«HL(^.(«£)) ) 

fcGM \ fcGZ / 



<C £ 1 H w l| 2 v 2 2 (n\( 7 u7))- 



□ 



We let 



and for each k £ Mo by Q| we denote the square root of the inverse matrix (A|) _1 , i.e., 

(Qi) 4 (Q!) = (Al)" 1 , (QI)*A|(Q|) = E, (6.1) 

where E is the unit matrix. Due to condition (|2.2[) the matrix A is symmetric, lower- 
semibounded and bounded uniformly in 1 £ f2, and this is why the matrix Q| is 
well-defined, lower-semibounded and bounded uniformly in k and e. Hence, we have 
the estimate 

0<C\z\^ IQPKC- 1 ^! (6.2) 

that is uniform in k £ Mo, z £ ft 2 , and sufficiently small e. 
By assumption |(Al2)| /:t(e) — > +0 as e — > +0 and 

77(e) = C ~e(*+W» . (6.3) 

For each k £ Mo we introduce the rescaled variables £ fc = (£1,^2) = (^ ~ 2/I) £_1 
and define the ellipses B R := {x : \Q%£ k \ < R}. In view of (|6.2[) . ()6.3|) there exists an 
absolute positive constant R4 such that for all sufficiently small e and k £ Mo 

w| C Bi, C fi£ 4 C B^ £ (2/I). (6.4) 
Hence, the areas of the ellipses i?^ 4 are bounded uniformly in k £ Mo and e, 

\B k Ri \^Ce. (6.5) 

We define the function 

ln ¥£rv ^B k Ri \B Ri7V fee Mo, 



In 77(e) Rat](e) 1 
0, 

1. otherwise 
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It is clear that it is infinitely diffcrcntiablc everywhere in f2 except the boundaries dB^^ 
and dB^ irj , k G Mo, and continuous everywhere in f2. The function W £ is uniformly 
bounded in Q obeying the estimate ^ W £ $J 1. An important property of this function 
is that it vanishes on dB^ , k € Mo, and thus on 9q. Hence, the latter is true also 
for W e (x)u°(x). We then denote v e := u e — W e u° G W^ffi), and write the boundary 
value problem for this function, 



2 



j ^ dx j dx j 



Aj + A - i i> £ = (1 - W s )f - h 



t,j=l 1 J fcSMo 



dxi lJ dxj 



\k 



d d 



«)J=1 

tj £ =0 on aOu3^, 
<9u 6 



3=1 



/<9 



[v e h = o, 



<9t> 6 



dN°. 
dW £ 



on OB* 



a 






J dx 3 


+ a 


)*- 












dv £ 




dN £ 



(6.7) 



9 



= 0, 



+ a I u on 96^, 



[«W = o, 



dN £ 



on 



Here k G Mo, as in (|2.6[) . (|5.10[) . [•] denotes the jump of a function, 



W\dB k R = u l|QJC fc 1=^+0 ~ u l|Q|? fc l=-R-o and 



8N £ 



where ^ e = {vl,v e ) is the inward normal to 9B^ 4 and dB^ . By straightforward 
. . , , , „^fc 



calculations we check that on OB 



, mew ((A|)- i ^,A(A|)- i e fc ; 





= J-f 




lnry \ 



R 2 



KAD-i^l-Rfeln^ 



Since on <9B^ 4 



\A tJ (x) - AiM)\ < <?e, ((Af)- 1 ^)^ - |Q|£*| a = 



we get 



2fe 



5 R4 



c 



|ln^| 



9* 



|(A|)-ie fe |£lnr; 



X>^f, (6.8) 



j'=i 



uniformly in x G dB k Ri , k G Mq, and sufficiently small e. In the same way we obt 



_dN e 



c 



£7/1 lnr/| 



am 



(6.9) 



The integral identity associated with problem (|6.7[) reads as 

- i!k E !li 2(f2 .) = - ( l^^ £ ) - « £ )m^) + 085°, « £ )l 2 (7) 
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E 

fee M 



dv £ 

dm 



+ E 

-Md-B^) feeM 



dv £ 
dN £ 



+ ((l-M/ £ )/, w £ ) L2( a,) + (/i,« E )L 2 (o E ) 

- 2 E E v^-terw-'*, 

We integrate by parts in the last term employing the definition of W e , 



dW e du° 
E E — — t; 



E EM 



L 2 (B^ 4 \w|) fe G M ij = l 



d(W E - 1) du° 
dxi dx 



5 <%° 



7 ^(B^VI) 

This identity together with the previous one and the boundary conditions in (|6.7p yield 



b e (« e ,« c )-iKHl a(n . ) = - 



L 2 (d6f) 



(au ,v e ) L2{de e } 



+ (au°,v') L2m + 



<9iV £ 



+ ((1 - W B )f,v B ) W + 2 ( (1 - , — 



+ E 

3w° <9v 



<9t> £ 
<9iV £ 



(6.10) 



5 <9u° 
l - WS) dx- Aij ^ Vl 



Let us estimate the right hand side of the obtained identity. We first extend v e by zero 
inside 6$. Since v e vanishes on 89q, the extension still belongs to fi \ 0f and has the 
same L2- and W^-norms. 
By Lemma 13.31 we have 



/ du° 



, v 



L 2 (d9f) 

It follows from (|6.ip that 

2 



+ (aw ,« e )i 2 (aef) 



< C^lin^i/^n^n^^n^n^^^ (6 _ n) 



d 2 W E 



',;=i 



This identity yields an estimate for /1, 

l/iK n y g , in B^B^ fceM . 
I mry||x — ' 

Employing this estimate, (|6.3[) . Lemma [3.2l with r) = 1, Lemma [6.1[ and Cauchy-Schwarz 
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inequality, we can estimate two other terms in the right hand side of (|6.10l) . 

\((l-W 6 )fy) L2i nn+(h,v E )L 2 (nn\ 



fee M 



<c( £ ll/l 

V fceM cl 

II 

+ E- 



'C(B 



R 4 J 



fee M 



I In 7/| 



"2/fel 



<c[ E (ii/i 

VfeeMo v 

(eii« 

VfeeMo 



1 



rrO 1 1 2 



^( B k 4 ) f | lnr? |H ^(B^d/J)) 
\ 1/2 



1/2 



.e 1 1 2 

£2(Bfl 2 e(j/!)V4) 



In the same way we get 

d . du° 



2 ( {1 - W£) d^ A ^ y , 

V OX l OX j j ^(B^VI) 



. 2 ((1-W e )^ — ,— 



(6.12) 
(6.13) 



We need extra auxiliary lemmata. 
Lemma 6.2. For all v € Wjffi 6 , 90q) ^ e un if orrn in k ^ Mq, e, and i; estimates 



Ml^b^d < Cen\\Vv\ 



VfeeMo 



The proof of this lemma consists just in the integration of (|4.7[) over , dBj^ , and 

~fe 
fl 4 - 

By (ESI, Lemmata IO IO IO we have 



^ 4 



E 

fee M 



C 



E 



> 



fee M 

Ce 1/2 p°||w|(o\7)ll« £ llw 2 i(^) 



We employ (|6.4[l . (|6.8[) . (|5.11[) . Lemma T6. 11 and Lemma T3.2I with r\ = 1 to simplify one 
of the remaining boundary terms in the right hand side of (I6.10|) . 



E 

feeMo 



ON 
C 



c i -^(gguV) 



(6.14) 



.i/2| m7? | ll^llw?(n\^lKllw?(n«) < Cfe 1/2 ||/ll£ a (n)Kllw*(n« 
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We substitute this estimate and (pTTT]) . (EHU), dM]), (EH2), (joTT5|) into (|oTTU)) . 

r(^,« e )-i!k E !l! 2(i2 .) ^£ 1/2 ||/IU 2 (n)lklw 2 ^) 



fceMo 



It remains to estimate the last two terms in the right hand side of the latter inequality. 
Denote 



1 



U°dx, (v e ) Bli2e (yl) 



1 



H 2 eVV k > ■ nR 2 e 2 



v £ dx. 



Br 2 ,(vV B R2e (yl) 

Lemma 6.3. The uniform in e and k G Mo estimates 

- («°)s« 2E (^)IIl 2 (SB£ 4 ) < Ce !l V " !li2(S H2e (^)), 
IK " ( v£ )B R2e (yl)\\ L2{d B^) < C , e||Vt^|| ia (B aa ,( s .)) I 

II" - ("°)s„ 2E (yplU2(9-Bfl 2E to|)) ^ C ' e ll V " |U2(Bn 2e (^))' 
IK ~ (^ S >B H2S (yJ)IU2(0BR 2S (y|)) < Ce|| Vf e || jL2(i3i72£ ( y j )) , 

(E \^ )b R2 AvI)A <Cs-VV\\ w}(n) , 

VfeGMo / 

VfceMo / 

hold true. 

Proof. To prove (|6.17[) . it is sufficient to see that 

\{u°) BR2e(y%) \ < c^II^II^m j, \{v s ) BR2e{vl) \ < c^IKU^* 



(6.15) 
(6.16) 

(6.17) 



and apply p.3[) with r/ = 1. 

Rescaling Bn 2£ (y e k ) in (ef?)" 1 times and employing Poincare inequality [321 Ch. I, 
Sec. 1, Ineq. (1.5)], we get 



||«°- ( u °>Sfi 2E (y|)||L 2 (i3 H2e (j/|)) < C , e||Vu || L2 ( BR2t(l/ =)), 

IK'" - (w £ )sH 2E (^)IU 2 (B H2e (^)) < CE||Vu e || i2 (B Jj2e ( 2/ p). 



(6.18) 



In view of (|6.2p there exists a number i? independent of e and fc € Mo such that 
BRe(Uk) Q Br 4 f° r a H e an( l k G Mo. Employing this fact, estimates (|6.18l) and 
integrating^!) with u = vP-(u°) BR2e (ys), u = v e - (v £ ) Bli ^(y k ) over dB h Ri , dB R2e (y%), 
we prove ([BTT5]) . (j6TT6| . □ 

As it follows from definition (|6.8[) of the function qf, this function is bounded uni- 
formly in e and k G Mq . Then Lemma 16.31 and Lemma 13.21 with rj = 1 imply 



E^o 



«1 



(6.19) 



Cs\\u°\\ W l m \\v E \\ W l {n e 



Let us estimate the integrals J qf. ds. 



9B Ri 



28 



The boundary dB^ is described by the equation |Q|£ fe | = R4 and we can parame- 
terize it as 

Hence, due to (|6.1|) . 



where ' denotes the derivative w.r.t. tp. By straightforward calculations we check that 



detAf 



ds / 27TE 

= £ / d ^ 



dB k n 



|(A|)-iC fe l y " detA| 


These relations and (|6.17p . (|6.3[) imply 

£ < wB >BK 3 .(yS)<« B )B« 3 .(»l5) / ds+ E ^detAl ~ 



and by (j6T6| 

E d^F^^«2^(^)^ B «2=(^) _ E ( ff, dot A "° '"J 

These two inequalities and (|6.19[) . (|6.14p . (|5.11[l lead us to the estimate 

r(« £ ,« £ )-i||^lli 2( ^)h^ 1/2 |l/IU 2 (fi)ll«1k 2l (^) 
+ (K + fi) 



S ^tAj^'^'t^-WM - (dclA^V 
In the same way how (|5.22[) was proven, one can show that 

n, tz ilVl Q 

Two last estimates and (|3.7p yield 

\\vm wi{nn ^C(s 1 ^ + ^/ 2 (K + ^)) 11/11 
It follows from Lemmata 15.21 16.11 that 

1/2 



Wm / 



Hence, due to 



fE H(«°-2°)VWX (Sft) ) ^fE 11-°--° 

\fc6M0 4 / VfceMo 



1/2 / v 1/2 



2 _ iiviy £ ii 2 ~ 
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«S Cfe 1/2 ||/lk ( n)- 

It allows us to rewrite (|6.5p as 

\\u*-u°W°\\ w , {a) < C(e 1 ' 2 + x 1 / 2 (fr + A*))||/|U a( n), (6.20) 

and it yields (|23|) . Since u° - W e u° = outside B k R ^, k £ M , by Lemma with 
t] = 1, Lemma EiSl and (|6.4[) we obtain 

||«° - W|U 3(n) < ^^il^n^^ ^ Ce^\\f\\ L2m 
that by (jOO)) implies 

II« £ -«°I|l 2 (^) ^C( £ 1 / 2 + ^ 1 / 2 (e))||/|U 2( o), (6.21) 

and therefore (|2.7[) holds true. To prove (|2.8[) . now it is sufficient to employ the obvious 
estimate 

\W$-i)- 1 f-(H% > -i)- 1 f\\ wm <Cfx\\f\\ L2(Q) . (6.22) 
As K = 0, by Lemma [321 Lemma I3~l2l with ?y = 1, and (|6.4[) . (|6.3[) . we get 

||V(1 - W s )u°\\ Lm < \\W^u°\\ L2{n) + \\u WW £ \\ L2in) 

< c f £ 1/2 ||/|| i2( o) + ( £ !l-°v^!l! 2(Bfl2E( ,p)) 

\ VfceMo / 

<C(e^+^(e))\\f\\ L2m . 
Thus, as K = 0, due to fPOf . ([OTj) . 

IK - "°llw 2 ^) < C^ 1 / 2 + ^ 1/2 ( £ ))||/|| L2( o). 
Together with ([6321 it follows ([2~TU1) . The proof is complete. 



7 Spectrum 

In this section we study the behavior of the spectrum of the perturbed operator. We 
first prove a general result, Theorcm l2.5l on the convergence of the perturbed spectrum. 
Then the rest of the section is devoted to the study of the periodic case, namely, to the 
proof of Theorems Oil 

7.1 Convergence of spectrum 

In 9 s we introduce the operator H e acting as — A subject to Dirichlet condition; the asso- 
ciated form is (Vm, Vw)i 2 (ge) on W^iOs)- Employing minimax principle and assumption 
|(A2)[ one can easily make sure that 

m{a{U s ) ^ Ce- 2 if 2 (e). (7.1) 

Thus, we have the estimate 

\\{H e -i)- r \\ L2{ e^ L ^) <CeV(e)- (7-2) 

Assuming the hypothesis of one of Theorems 12.11 12.31 12.41 12.21 by we denote the 
corresponding homogenized operator. Lemma 13.61 and (|3.3[) yield 

— i) 1 \\L 2 (n)^L 2 {d^) ^ Ce, 

where C is a constant independent of e. Since L2^l) = L2^l e ) © L2{9 e ), the latter 
estimate and (|7.2[) yield 

\\{u e ®u e -i)- 1 - {Hl-i)- 1 ^^^) ->o, e^+o. 

By [371 Ch. W, Sec. 7, Ths. Vm.23, VM.24] it follows the convergence of the spectrum 
of H 6 ® H e to that of And now it remains to employ (|7.1[) to complete the proof 
of Theorem O 
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7.2 Proof of Theorem [Ml 

Let 



n%r)-^) f, F(x 2 ):= — 
e z / sir 



u ° '■= (Qd)~ 1f , v £ ■= u e - (1 - xl)u°, xKx):=xi 



£7T/2 

f(x)dx u (7.3) 

e-n/2 

X2_dp' 

R 2 e 



where R 2 is chosen so that assumption |(A2)| holds true. The function F satisfies the 
estimate 

^II^H 2 L 2 (0,d) < II/IILCD)' ( 7 - 4 ) 

while v £ vanishes on 5w e and satisfies periodic boundary conditions on 5D e \ T e . We 
extend v e by zero inside uj e . 

Proceeding as in (|4.ip . (|4.2p , (|4.3|) . (|4.4p . one can check easily that satisfies the 
integral identity 



. 5 

1-5 I v 

ox\ e 



L 2 (D' 



^il« e llL(^) + 



5x 2 



L 2 (D" 



+ ((l- x l)F^) L2(ae) + ^ 



( dxl du° 



9x 2 ' 5X2/ L2(De) 



,5x 2 5x 2 ' / £a(n 
By v E ± we denote the projection of v e on and see that 
/ - F e £1, (/ - ^« e ) i2(n .) = (/ - 
We apply Lemma 4.2 from JTO] and (|7.4[) that implies 
2 



(7.5) 



. 5 

1 a 1 v ~ 

OX\ £ 



- —WifW 2 - 2cro 

i2(n e ) 

|(/-F,?; £ ) i2(ne) | < ||/||L 2 (n=)lkII|L 2 (n-) 



„e l|2 

L 2 (D = ) 



5«i 


2 ) 


5xi 


L 2 (D=)/ 



It follows from (|4"3|) . (pL"g]h and (j3~51) that 

Ce 3 / 2 |h 

^C% 1/2 ||/IU 2 (n*), 



ll« ||L 2(s upp x! ) ^ Ce 3 / 2 \\u Q \\ wiias) < C £ 3 / 2 ||/|| L2(D) 
5w° 



(7.6) 



(7.7) 



dx 2 L 2 (snppxl) 

IK' e ||L 2 ( S upp xD < Ce(\ lnryl 1 / 2 + l)||V« e |U a(D .). 

Here and till the end of the proof by C wc indicate inessential constants independent 
of e, <;o, /, u , and v e . We substitute these estimates and (|7.6p into (|7.5p and get 



2* 



and hence 



IKHl 2 (D) 



5xi 



+ 



i 2 (n e ) 



5w e 



5x 2 



i 2 (O e ) 



*S ll/llL 2 (n*)IKIlL 2 (rj*) 



+ C £ 1 / 2 (|ln ?? | 1 / 2 + l)||V^|U 2(ne) ||/|U 2(ne 



\\^\\ La m< Cel/3 (\^v\ 1/2 + mfh a (p'y 
Since v E vanishes on L e , we have 



IKIU 2 (n*) < C 



5u e 



5x 2 



i 2 (O e ) 



<Ce 1 /2(|l nJ7 |V2 + 1) || / || L2(De)) (7 . 8) 
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and together with ([7771) it yields ([235]) . 

We employ (|2.15|) to prove (|2.16[) . We follow the main lines of the proof of Theo- 
rem 12.51 to show that 



H £ (t)®(H 6 



^CW^dhir^ + l) 



L 2 (D=)^i 2 (D=) 



for sufficiently small e. Since due to (|7.ip the spectrum of 'H 6 ' + r 2 e 2 is bounded from 
below by Cs~ 2 i]~ 2 , we get 



<2C fte 1/2 (|l*»?| 1/2 + l). 



(7.9) 



Given N, we choose £o so that the latter estimate holds and 2CoTo£ 1 ^ 2 (| ln^ 1 / 2 + 1) ^ 
(2A^) _1 for all e < Eq. In view of ordering of A„ it follows from (|7.9[) that 



(2A£)-U A„(r, £ ) 



«S 3(2A 



D\-l 



A„(r,e) 



s£ 2AP. 



We substitute the latter estimate into (|7.9[) and arrive at (|2.16|) . 

It remains to prove (|2.17p . In view of (12.140 it sufficient to show that inf Ai (r, e) = 

re[-l,l) 

Ai(0,e). Let ip £ (x) be the eigenfunction associated with Ai(0,e) and normalized in 
L2(O e \ oj € ). The operator T-L £ (t) commutes with complex conjugation and therefore 
the eigenfunction ip £ can be chosen being real-valued. Then it follows from (|2.13[) and 
the minimax principle that 



This inequality implies the desired identity. 



Ai(0,e) + 



7.3 Proof of Theorem 12771 

We define the functions f,u £ , and F by (|7.3p and choose R 2 so that assumption | ( A2 ) | is 
satisfied. We let u° := (Q£(m))~ F, and by vP we denote the solution to the boundary 
value problem 



d 2 u° 
dx\ 



= F in (0,d)\{-(R 2 + l)e}, [u° 
du°~ 

2 lx 2 = -(R 2 + l)e 



dx 



2(K + n)u\ 2= _ {R2+1)£ 



x 2 = -{R 2 + 1)e — 0' 

0. 



(7.10) 



We define an analogue of function (|6.Gll . 

1 



W e {x) 



In 



a: e B R2e (y £ )\B R2£v{£) (y £ ), 



In 77(e) R 2 er](e)' 

1, a- G D £ \ S fi2£ (yg) 



Up to obvious minor changes, this function has the same properties as function (|6.6p . We 
define w e := u e — W^w , extend this function by zero inside ui £ and write the boundary 
value problem for v £ , 







dxi e 
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f 1 :=/-^F + 2ii^ + 2^^ J S = on Puft/, 



[« e ] X2= _(i{ 2+ i) E - 0, 



dv £ 



d\x - y% 

dv 6 
d\x - yl\ 

dv 



9B R , iev {vl) 



J H 2 e(!/o) 



ld-BH 2e „fag) 
Rl£T\ \VLT) 

u°\ 

\dBn 2 e{y E ) 

R2e\n.r) ' 
2(K + fi)u 01 



X 2 = -(_R 2 + 1)£ 



x 2 = -(i?. 2 + l)e' 



and subject to periodic condition on the lateral boundaries of D e . We write the associ- 
ated integral identity employing that v e = in w e , 



. d q 
1-5 I v* 

ox\ e 



£a(P e 



8x2 



£ 2 (O e 



1 



(u ,v £ ) L2(dBH2e{yf))) 



i? 2 eln?7 v ' '^^'Wo« R 2 er ] lnr ] 
2(K + n)(vP, v e ) L2{{x .. X2= ^ [Il2+1)e } n n-)- 



rslKllLon*) = (/i,u £ )l 2 ([>) 



(M°,U £ )i 2 ( a B R2 ^(j,|)) 



(7.11) 



Proceeding as in the proof of Lemma 13.21 we obtain 

IMU»(B* a .(v8)) < Ce 1/2 \\v e \\ w i {ae 



(7.12) 



Here and till the end of the proof by C we indicate inessential constants independent of 
e, Co /; u°, and v 6 . We employ this estimate, (|7.4p . Lemma 4.2 in [TU] and the identity 
/ - W e F = f-F+(l- W e )F to obtain 

((f-W £ F),v £ ) L2{nn ^ ||/|U a(n) ||«ilU a (n) + Ce||/|U a(n . ) |K|| w j cn . ) , (7.13) 

where v E j_ is the projection of v E on Sf ± . 

Problem (|7.10[) can be solved explicitly and its solution obeys the estimate 



\C[o,d] 



d,X2 



C[0,d] 



CWFW^M^Ce-^WfW^tp.), (7.14) 



where we have also used (|7.4|l . We integrate by parts as follows, 



2i 



e \ dx_ 



-u , v 



2i 



L 2 (D e ) 



9a; 1 



L2(B R2e (y^)\B R2e7 ,(yc)) 



2i- I u ~ — , w 



e V 9\x 2/0 1 ' J L 2 {dB R2e {yi)) 
These identities, Lemma T6.21 and (|7.14[) yield 



i 2 (Bfl 2 e(yg)\-B R2 e^(^)) 



2i- 



L 2 (D* 



s^Ce 1 ||w°||L 2 (ai3 H2£ , (!( g ) )lk £ ||L 2 (as H2e?!(! ,g ) ) 



+ Ce ||U \\ L2 (B R2S (yc)) 



du £ 



dx\ 



(7.15) 



£ 2 (») 
dv 6 
dxi 
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In the same way we have 
(dW E du° 



\dx 2 dx 2 J L 2 (B R2e (yE)\Bn. 2 c V (y e a)) 

dW 

<C\\f\\ L2{a) 



dx 2 



i2(-B fl2e (yg)\B Ji2e , )(B g ) ) 



C 



(7.16) 



| ln7? |i/2l^ll^(n-)lk e llwi(n-), 



u ,w e )L 2 (asH 2E „feg)) 



R2Sr\ In rj 



C 



|ln, 7 | 



- 1,2 \\f\\L^)\\v S \\ W ^ 



Proceeding as in (|5.20[) . f|5.18[) . one can easily make sure that 



2{K + fi){u , v e ) L2i{x , X2 =_ {R2+1)e}na e) 



R2e\a.ri 

«S C(K + ft) ^||«°||i a (B lla .( 1)S ))||V« 8 || La (B Jlil .( wS )) + 
and by f7l4) . (|7T4|) . ((71^1 it implies 

(w ,W £ )L 2 (0S fl2E (yg)) 



L 2 (B R2e {yl)) 



l W 1li2(B B2E (yg)) , 



- 2(/\ + fl)(u , W £ )L 2 ({x:2; 2 = -(_R 2 +l)£}nn=) 



i?2eln77 

(□ e )lk e ||L 2 (D s )- 

This estimate and (|7TTC| . ([7TT5|) . ([735]) , (|7TTT|) , ([7^]1 . (j6~B"|) lead us to the inequality 



2^° 

c-2 



„s l|2 



L 2 {W) 

+ Ce~ 1 l 2 \\f\\ L2[a , ) 







dv £ 


2 


dxi 


' ) + 

L 2 (P*)J 


dx 2 


D' 



!I/!Il 2 ([>)IKIIl 2 ([>) 



dv £ 



dx\ 



L 2 (D £ 



+ C( e + e^iK + v) 1/2 )\\f\\L 2 (nnh E \\w 2 Hacy 



Hence, by the first inequality in (|7.8[) , 

KIU a(D *) ^Ce^Wfh^y 

Extending u e by zero inside u e , by (|7.14[) we finally have 

IK ~ «°|U 3 (D«) - u°IU 3 (D«) + ||(1 - W e )5°|| £ .,( n «) + ||u e |U 2 (D=) 

^C£ 1/2 ||/IU 2 (^) 

that proves (|2 . 18[) . The rest of the proof is completely the same as in the proof of 
Theorem |2~IT1 
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